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Philosophy is written in that great book whichever

lies before our gaze — I mean the universe —

but we cannot understand if we do not first learn the
language and grasp the symbols in which it is written.
The book is written in the mathematical language, and
the symbols are triangle, circles and other geometrical
figures, without the help of which it is impossible to
conceive a single word of it, and without which one
wonders in vain through a dark labyrinth.

Galileo Galilei (1564-1642)



Instruments traded in the financial markets are getting more and more complex.
This leads to more complex derivative structures that are harder to analyse and risk
managed. These instruments cannot be traded or managed without the relevant
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systems and numerical techniques.

The global economy is becoming more and more interlinked with trading between
countries skyrocketing. Due to the world trade, foreign exchange forwards, futures,
options and exotics are becoming increasingly commonplace in today’s capital mar-

kets.

The objective of these notes is to let the reader develop a solid understanding of
the current currency derivatives used in international treasury management with an
emphasis on the African continent. This will give participants the mathematical and
practical background necessary to deal with all the products on the market.

Before I came here I was confused about the subject.

Having listened to your lecture I am still confused.
But on a higher level.

Enrico Fermi (1901-1954)
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But the creative principle resides in mathematics.
In a certain sense, therefore, I hold it true that
pure thought can grasp reality, as the ancients dreamed.

Albert Einstein
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Chapter 1

Introduction

More than 22.4 billion of derivative contracts were traded on exchanges worldwide
in 2010 (11.2 billion futures and 11.1 billion options) against 17.8 billion in 2009,
an increase of 25%. The number of futures traded increased faster - up 35% - than
options - up 16%, according to statistics compiled by WFE, which annually conducts
a survey for the International Options Markets Association' (IOMA).

“The strong volume in exchange-traded derivatives in 2010 indicate that reforms
in regulation of over-the-counter derivatives markets are causing participants to shift
some of their risk transfer activities to exchange-traded derivatives,” commented
Ronald Arculli, chairman of WFE and chairman of Hong Kong Exchanges and Clear-
ing. During the same period, Arculli noted that, according to Bank for International
Settlements (BIS) statistics, notional amounts outstanding of OTC Derivatives de-
creased by 13% between June 2009 and June 2010.

Currency derivatives remain the smallest section of the exchange-based derivatives
markets, with 2.3 billion contracts traded in 2010. However, driven by the Indian ex-
changes that accounted for 71% of the volumes traded in 2010, they have experienced
triple-digit growth (+144%). When Indian exchanges are removed from the statistics,
the growth rate of currency volumes in 2010 was still very strong (+36%.)

Currency derivatives is a growing business, especially so for developing markets.
Understanding the more complex nature of these markets is essential for all working in
the capital markets. With increased volatility in global markets following the global
credit and liquidity crisis, derivatives have again come to the forefront. Management
of Currency risks have once more been seen as a critical tool in today’s markets for
offering a vehicle for hedging or for providing profit opportunities in difficult markets.
This advanced course will provide a comprehensive analysis of Currency Options with
focus on pricing and structuring.

We start by giving an overview of the basic concepts of options and option pricing.
We will discuss the binomial model and volatility surfaces. In Chapter 2 we have an
in-depth look at hedging. We discuss the Greeks and see what they really mean to a

Thttp:/ /www.advancedtrading.com/derivatives /229300554
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CHAPTER 1. INTRODUCTION 12

trader. We introduce the Impact Delta and Gamma which helps hedging when a skew
is prevalent. In Chapter 3 we compare OTC derivatives to exchange traded contracts.
We give a detailed analysis of how a derivatives exchange operates with all of its risk
measures.

Chapter 4 is an overview of derivatives and Islamic finance. It is currently a
topical issue. Due to the importance of volatility, Chapter 5 is devoted to volatility
skews. We first look at how we can generate a skew from traded data and then look
at the Vanna-Volga method widely used in FX markets.

The rest of the course is devoted to exotic options. We start start in Chapter 6
with the so-called ‘first generation exotics’ or vanilla exotic options. These include
Barrier, Digital, Forward Start and Asian options. Chapter 7 introduce the more
complex exotic options or so-called ‘second generation exotic’. These include Timers,
Variance Swaps, Range Accruals and Quantos.

In the last Chapter, Chapter 8 we discuss the pricing of exotic options under a
volatility skew. We introduce the concepts of Local Volatility and Implied Binomial
Trees.

1.1 Option Basics

There are two types of options: calls and puts. A call option gives the holder the
right, but not the obligation, to buy the underlying asset by a certain date for a
certain price.

A put option gives the holder the right, but not the obligation, to sell the under-
lying asset by a certain date for a certain price.

The price in the contract is known as the exercise price or strike price. The date
in the contract is known as the expiration, expiry, exercise or maturity date.

An option can not be obtained free of charge. There is a price attached to it called
a premium. The premium is the price paid for an option. The buyer of an option
pays a price for the right to make a choice — the choice to exercise or not.

Call and put options are defined in one of two ways: American or European. A
European option can only be exercised at the maturity date of the option whereas an
American option can be exercised at any time up and including the maturity date?. If
the holder of the option decides to exercise the option, this option becomes a simple
FX contract. The holder of the option will only exercise the option when the market
is in his favour, otherwise the option contract expires worthless.

2The terms European and American used here bear no relation to geographic considerations.
European options trade on American exchanges and American option trade on European exchanges.
We will later define some other option called Asian options, Bermudan options and Parisian options.
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1.2 Why trade FX Options versus the Spot FX?

Currency options have gained acceptance as invaluable tools in managing foreign ex-
change risk. One of the primary benefits for trading FX Options versus Spot FX
is that options provide investors with tremendous versatility including a wide range
of strike prices and expiration months available for trading. Investors can imple-
ment single and multi-leg strategies, depending on their risk and reward tolerance.
Investors can implement bullish, bearish and even neutral market forecasts with lim-
ited risk. FX Options also provide the ability to hedge against loss in value of an
underlying asset. Options are attractive financial instruments to portfolio managers
and corporate treasuries because of this flexibility.

Options can be a way for traders to limit their risk in a trade. For instance, if a
trader believes the EURUSD will move upwards, he may purchase a call at a premium
so that if the rate hits the option strike price he can exercise it. If the currency instead
moves against the trader, all that is lost is the premium.

In general we note that options expanded the universe of tradable financial in-
struments. The consequence is that hedges can be tailored more precisely to the risk
profile of the underlying and the risk can be managed more easily. Options allow an
investor to construct different payoff profiles. You can mimic your actual exposure by
trading in a portfolio of options. We will look at this in Chapter 8. All these benefits
can be grouped together into six benefits [Sh 10]

Benefit One: The Ability to Leverage

Options provide both individuals and firms with the ability to leverage. In other
words, options are a way to achieve payoffs that would usually be possible only at a
much greater cost. Options can cause markets to become more competitive, creating
an environment in which investors have the ability to hedge an assortment of risks
that otherwise would be too large to sustain.

Benefit Two: Creating Market Efficiency

Options can bring about more efficiency in the underlying market itself. Option
markets tend to produce information flow. Options enable investors to access and
trade on information that otherwise might be unobtainable or very expensive. It is
for instance difficult to short sell stock. This slows the process down in which adverse
information is incorporated into stock prices and make markets less efficient. It is,
however, easy to sell a future or put option.

Benefit Three: Cost Efficiency

Derivatives are cost efficient. Options can provide immense leveraging ability.An
investor can create an option position that will imitate the underlying’s position
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identically — but at a large cost saving.

Benefit Four: 24/7 Protection

Options provide relative immunity to potential catastrophic effects of gaps openings
in the underlyings. Consider a stop-loss order put in place to prevent losses below a
predetermined price set by the investor. This protection works during the day but
what happens after market close. If the market gaps down on the opening the next
day your stop-loss order might be triggered but at a price much lower than your
stop-loss price. You could end up with a huge loss. Had you purchased a put option
for downside protection you will also be protected against gap risk

Benefit Five: Flexibility

Options offer a variety of investment alternatives. You can hedge a myriad of risks
under specific circumstances. We will look at structuring and constructing different
payoff profiles later on in Chapter 8.

Benefit Six: Trading Additional Dimensions

Implementation of options opens up opportunities of additional asset classes to the
investor that are embedded in options themselves. Options allow the investor not
only to trade underlying movements, but to allow for the passage of time and the
harnessing of volatility. The investor can take advantage of a stagnant or a range-
bound market.

1.3 The Black & Scholes Environment

To obtain an understanding of what the Black & Scholes formula means, it is very
important to know under what conditions the Black & Scholes formula hold. Black &
Scholes (and researchers before them) understood very well that the market is com-
plex. To be able to describe it mathematically and to enable them to obtain a useful
model, they knew they had to simplify the market by making certain assumptions?.
The following is a list of the more important assumptions Black & Scholes made in
their analysis [MS 00]:

e The underlying asset follows a lognormal random walk. This was not a new
assumption and was already proposed by Bachelier in 1900.

o The efficient market hypothesis is assumed to be satisfied. In other words, the
markets are assumed to be liquid, have price-continuity, be fair and provide all

3What inevitably happens after such a “simple” model has been proposed and understood well,
is that people start to relax certain assumptions to move closer to a more realistic model.
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players with equal access to available information. This implies that there are
no transaction costs.

e We live in a risk-neutral world i.e., investors require no compensation for risk.
The expected return on all securities is thus the riskfree interest rate with the
consequence that there are no arbitrage opportunities. This was one of Black
& Scholes ’ insights and is known as risk-neutral valuation.

e The stock’s wvolatility is known and does not change over the life of the option.
In statistical talk we say the means and variances of the distribution or process
is “stationary”.

e The short-term interest never changes.
e Short selling of securities with full use of the proceeds is permitted.
e There are no dividends.

e Delta hedging is done continuously. This is impossible in a realistic market but
makes their analysis possible.

The above describes the so-called Black & Scholes environment within which they
did their analysis.

In general we can say that Black & Scholes assumed that the financial market is a
system that is in equilibrium. With equilibrium we mean that, if there are no outside
or exogenous influences, then the system is at rest - everything thus balances out;
supply equals demand. Any distortion or perturbation is thus quickly handled by the
market players so as to restore the equilibrium situation. More so, the systems reacts
to the perturbation by reverting to equilibrium in a linear fashion. The system reacts
immediately because it wishes to be at equilibrium and abhors being out of balance
[Pe 91]. An option’s price is thus the value obtained under this equilibrium situation.

These assumptions are very restrictive, as a matter of fact Black went on to say
that “Since these assumptions are mostly false, we know the formula must be wrong”
[B1 88]. But, he might not be far from the truth when he further stated that “But we
may not be able to find any other formula that gives better results in a wide range
of circumstances.”

1.4 The Seminal Formula
The seminal formula is*

V(S,t) = ¢ (Se " N(¢px) — Ke ""N(¢y)) (1.1)

4Clark gives an extensive review of the derivation of the Black & Scholes equation [CI 11]
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where

r = 1n§+ r—d—|—12 L
B K 27 )7 o\/T
y = x— 0T

where ¢ is a binary parameter defined as

1 for a call option
b= { P (1.2)

| —1 for a put option.

Here, S is the current spot stock price, K is the strike price, d is the dividend yield,

o? is the variance rate of the return on the stock prices, 7 = T — t is the time to

maturity and N(z) is the cumulative standard normal distribution function®. Note
that Eq. 1.1 in general format is; it holds for both calls and puts.

Equation (1.1) is not the original formula as published by Black & Scholes . They
considered stock that do not pay dividends, i.e. d = 0. This formula is called the
modified Black & Scholes equation adapted by Merton in 1973 to include a continuous
dividend yield d [Me 73]. He did this by correctly assuming that an option holder
does not receive any cash flows paid by the underlying instrument. This fact should
be reflected in a lower call price or a higher put price. The Merton model provides a
solution by subtracting the present value of the continuous cash dividend flow from
the price of the underlying instrument. The original equation had d = 0.

The beauty of this formula lies in the fact that one does mot need to estimate
market expectation or risk preferences. This was a revolutionary improvement over
its predecessors. There are 3 parameters that needs to be estimated: the riskfree
interest rate; the dividend yield and the variance or volatility. Note that the volatility
needed in the Black & Scholes formula is the volatility of the underlying security that
will be observed in the future time interval 7 - volatility thus needs to be predicted
[MS 00]. Black & Scholes, however, assumed that the variance is known and that it

1s constant.

1.5 A Currency Option Model

Garman and Kohlhagen provided a formula for the valuation of foreign currency
options [GK 83]. They followed the Black & Scholes lines of thought but set their
riskless hedge portfolio up by investing in foreign bonds, domestic bonds and the
option. They had some more assumptions though

5Note that

but it can be determined numerically.
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Style Spot
Strike Option Model Volatility
Maturity Interest Rates

Figure 1.1: Information necessary to price an option.

e [t is easy to convert the domestic currency into the foreign currency;

e We can invest in foreign bonds without any restrictions.

Their analysis led them to the following Black & Scholes -type equation
V(S,K,T,0,r4,75,¢) = ¢ (Se_TfTN(qﬁw) — Ke_’”dTN(@J)) (1.3)

where

I P S 1
z = |l ra—rp+ 500 )T o~
y = x—o0\T (1.4)

with ¢ defined in Eq. 1.2. Note that S is the current spot exchange rate, K is the
strike price, r; is the foreign interest rate, r4 is the domestic interest rate o? is the
variance rate of the return on the exchange rate, 7 = T'—t is the time to maturity and
N(z) is the cumulative standard normal distribution function. We note that Eq. 1.3
is exactly the Black & Scholes equation given in Eq. 1.1 where we have substituted
d =ry and r = rq4. To price an option we thus need six quantities as depicted in Fig.
1.1

Note that V (S, K,t,0,rq,7f,¢) will sometimes be shortened to V(S,7) or just
V(S). V denotes the value of a Call or Put. In future we sometimes also have

C(S,K,1,0,rq,r5) = V(S,K,t,0,rq,rs,+1) = Call (1.5)
P(S,K,1,0,rq,75) = V(S,K,t,0,rq,rs,—1) = Put.
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1.6 Options on Forwards and Futures

In 1976 Fischer Black presented a model for pricing commodity options and options
on forward contracts [Bl 76]. Define a forward contract’s value to be

Fr=F = Sera=m)T (1.6)

with S the spot currency exchange rate at the start of the forward contract. Black
showed that a futures contract can be treated in the same way as a security providing
a continuous dividend yield equal to the riskfree interest r. This means that we can
use Eq. 1.1 where we have r = d and we use the forward price F' as the price of the
underlying instead of the cash price S. Turning to currencies and the Garman and
Kohlhagen model we put rq = ry.

The easiest way in obtaining Black’s formula is to invert Eq. 1.6 to obtain S and
substitute this into Eq. 1.3 to give

V(F,t) = 6e 77" [FN(¢x) — K N(¢y)] (1.7)

if T, = Ty.

1.7 Settlement Adjustments

Foreign exchange spot transactions generally settle in two business days. There are
thus four dates of importance for option contracts: today, spot, expiry and delivery
[C1 11]. The delivery date is usually set to the expiry spot, i.e., so that delivery bears
the same spot settlement relationship to expiry. This means that if

spot = today + 2 (T+2), then delivery = expiry + 2 (T+2)

as well. In the Black & Scholes equation given in Eq. 1.1 we defined the time to
expiry by stating 7 =T — t where ¢ is the trade date and 7' is the expiry date. Now
that we have four dates, which ones are the correct ones to use when we price options?
On a time line we have

,Ttoday - Tspot ? Te:vp - Tes

and we usually have the delivery time Ty, = Tes.

To understand why this is important, we refer back to the actual cash flows. The
premium will only be received on Ty, although we enter into the contract at T}oqqy-
The premium should thus reflect the premium today at T}sqqy. Also, if the option is in
the money at expiry, the profit will flow on T, only. Now it becomes tricky because
the volatility applicable is the volatility over the period Tjoqqy < t < Tey, because
that is the real terms of the agreement. To price the option correctly, we price it from
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cash flow to cash flow thus from Ty, to Tg;. We then discount the premium back
from Tye; t0 Tioaay and then forward value to Tpe.
This changes the Black & Scholes formula somewhat to

V(S,t) = Se 1T Torot) N () — Ke "4 Tes"Torot) N (ghy) (1.8)

where

1

g Te:cp - T;foday

S 1
xr = In ? + (Td - Tf) (Tes - Tspot) + 502 (Texp - Ttoday)

Yy = T — 04 Texp - ﬂoday-

7 ="Tes — Tspot = Tewp — Thoday Eq. 1.8 is exactly the same as Eq. 1.3.

If one extract the relevant interest rates from zero coupon yield curves, note the
following: the interest rates should be the forward interest rates that hold from 75,
to T,s. Graphically we depict this in Fig. 1.2.

Tes
/ Tspot Tspot—>es \
‘- e A
l l l
Today Tspot tes

Figure 1.2: The correct interest rates for a currency option.

1.8 Put-Call-Parity

In the previous chapter we looked at the formulas available for trading European
options. Can we say anything about a relationship between puts and calls?

Put-Call-Parity is a very important relationship that is distribution-free. It rela-
tionship that exists between the prices of European put and call options where both
have the same underlier, strike price and expiry date. It is given by

C+Ke'™ =P+ Se ™. (1.9)

Note, we used the same notation as in Eq. 1.1 where the strike price K = X and we
included a dividend yield d.

This is a fundamental arbitrage relationship which forces call and put prices to
be tied to their underlying market and to each other. Note that it is not based on
any option pricing model. It was derived purely using arbitrage arguments. Put-call
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parity offers a simple test of option pricing models. Any option pricing model that
produces put and call prices that do not satisfy put-call parity must be rejected as
unsound. Such a model will suggest trading opportunities where none exist. Put-
call-parity is used to create synthetic securities.

From Eq. 1.9 and the Garman and Kohlhagen model given in Eq. 1.3 we obtain
Put-Call-Parity for currency options to be

CH+ Ke "7 =P+ Se "7, (1.10)

From Eq. 1.7 we deduce Put-Call-Parity for a currency option on a forward or
futures contract is given by

C+Ke'™ = P4 Fe o (1.11)
SC—-P = (F-K)e .

1.9 Option Dynamics and Risk Managements

If you have traded a few options but are relatively new to trading them, you are
probably battling to understand why some of your trades aren’t profitable. You start
to realise that trying to predict what will happen to the price of a single option
or a position involving multiple options as the market changes can be a difficult
undertaking. You experience the forces of the market and see that an option price
does not always appear to move in conjunction with the price of the underlying
asset or share. If you want to trade in any financial instrument, it is important to
understand what factors contribute to the movement in the price of that instrument,
and what effect they have.
Option prices are influenced by six quantities or variables:

e the current FX rate;

the strike price;

the time to expiration;

the local riskfree interest rate;

the foreign riskfree interest rate;

the volatility.

If you want to manage the risk associated with an option you need to understand the
dynamics of option values in relation to these quantities.

Futures traders are almost exclusively interested in the direction of the market.
Option traders, on the other hand, must also take note of how fast the market is
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moving or will move. If both futures and options traders take a long market position
and the market does move higher, the futures trader is assured of a profit while the
option trader may show a loss. To maintain a profit margin the option trader must
analyze manage the risk associated with an option at once. He needs to understand
the dynamics of option values in relation to these six quantities.

Because this is a difficult task we resort to theoretical models. The goal of theo-
retical (and numerical) evaluation of option prices is to analyze an option based on
current market conditions as well as expectations about future conditions. This eval-
uation then assists the trader in making an intelligent decision on an option [Na 88].
Such an analysis can be done; all that is needed is information that characterizes the
probability distribution of future FX rates and interest rates!

Here we consider what happens to options prices when one of these quantities
changes while the others remain fixed/constant. We draw the relevant graphs for
puts and calls and deduct from there the option’s behaviour. The following have
to be remembered: the FX rate, strike and time to expiry are known quantities.
The riskfree interest rates and the volatility are mostly unknown. These have to be
estimated. We will return to these later.

Please note that we use the same notation as for the currency option model in
Eq. 1.3.

1.9.1 The Greeks

When we talk about these six variables in relation to option pricing, we call them
the Greeks. You might have heard terms such as Delta or Vega and you immediately
thought option trading is too difficult or risky.

However, what you will learn in this lesson is that learning things the 'Greek’ way
is like knowing the baby steps towards potential gains. While many traders focus on
spot prices and trends, options pricing and its unpredictability seems to be a bigger
problem. For one, the value of options is so uncertain that sometimes trends and
factors provide no help at all. If you know about technical analysis of shares, try
some of those analyses on option values. You will quickly realise that momentum or
stochastics are of no use at all.

Further to the above, we pile on the fact that the Greeks cannot simply be looked
up in your everyday option tables nor will you see them on screen where you see the
option bids and offers. They need to be calculated which means you will need access
to a computer or electronic calculator that calculates them for you.

The Delta

The delta is a measure of the ratio of option contracts to the underlying asset in order
to establish a neutral hedge. We can also state that the A is a measure of how fast
an option’s value changes with respect to changes in the price of the underlying asset.
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From 1.3 we have oV
A= 55 = pe "ITN(px). (1.12)

From this we see that if the option is far out-of-the-money A ~ 0, however if the
option is deep in-the-money we have A ~ ¢. A is thus the probability that the
option will end in-the-money.

If you do not have a Black & Scholes calculator giving the Delta, you can easily
calculate the numerical Delta as follows

A = (V(S +0.0001) — V(S)) x 10000.

Just add one pip to the price. Here we multiply by 10,000 because of the pip size.

The Premium-Included Delta

If a Nairobi based FX trader wants to hedge his USDKES book in Shillings, he will
use the Delta given in Eq. 1.12. However, if a trader has a USDKES book, but the
trader sits in New York, his profits and losses will be computed in Dollars and what
he really aim at is hedging the option values converted into Dollars. Hence, if V is
the option value in Shillings and S is the USDKES spot exchange rate, V/S is the
option value converted into Dollars. What the New York trader wants to hedge is

Q
wnl<

S
This is called the premium-included Delta and is given by [Ca 10]

Ay = gzﬁ%e_rdTN(gby). (1.13)

Elasticity

The elasticity (denoted by A) is the elasticity of an option and shows the percentage
change in its value that will accompany a small percentage change in the underlying
asset price such that

aC S S S
- —_—— — _— — T
c=g5c ~ ghe=e g >1
dP S S S
= — — = — — e T
=53 p PAP e PN(y) < 0.

The elasticity increases when the FX rate decreases. A also increases as time to
expiration decreases. A call will thus be more sensitive to FX rate movements ‘in
percentage terms’, the shorter the time remaining to expiration [Ko 03].
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Gamma

The T is the rate at which an option gains or loses deltas as the underlying asset’s
price move up or down. It is a measure of how fast an option is changing its market

characteristics and is thus a useful indication of the risk associated with a position.

We have
LV oA N

082 9SS Soy\/T
where N'(z) is the standard normal probability density function and the cumulative
normal’s derivative given by

(1.14)

N(z) = ——e ( x2> (1.15)
= xp | —— | . .
V2 P 2

If the option is far out-of-the-money or far in-the-money, I' ~ 0. If T" is small, A
changes slowly and adjustments to keep the portfolio A-neutral need only be made
relatively infrequently. If I' is large, however, changes should be made frequently
because the A is then highly sensitive to the price of the underlying asset. This
happens when the FX rate is close to the strike price with very little time to expiry
— such as in the morning of the option expires in the afternoon.

Speed

This quantity measures how fast the I' is changing. It is given by

BV or N'(x) x
A
55 =55 =~ P (aﬁ + 1) (1.16)

with N'(z) define in Eq. 1.15.

Theta

Both puts and calls lose value as maturity approaches. The © is the “time decay
factor” and measures the rate at which an option loses its value as time passes such
that

v SN(x)o

T or 2T

The size of the I' correlates to the size of the © position where a large positive I"
goes hand in hand with a large negative ©. A large negative I' correlates with a
large positive ©. This means that every option position is a trade-off between market
movement and time decay. Thus if I' is large market movement will help the trader
but time decay will hurt him and vice versa.

© + ¢ [rpSe” TN (¢z) — ¢raKe " N(¢y)] (1.17)
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Some market participants calculates the numerical time decay defined as
Time Decay = V(t +1i) — V (t) (1.18)

where i is a day count parameter. If we put i = 1, V(¢ + 1) means the value of the
option tomorrow keeping all the other parameters the same. The time decay is thus
just the value of the option tomorrow minus the value today. The time decay over a
weekend can be obtained by putting ¢ = 3.

Charm
Charm is the change of A with time
0?V A

R — —TfT !
9507~ or % [N (z)

2(rg —rp)T —yo/T
210+\/T

- rfN(gb:v)} (1.19)

Color

Color is the change of I' with time
o’V r N'(x)

e A oV
0S20r Ot 2SToN\/T

{zrfr +1+ (1.20)

2(rg —re)T — yo\/Fx
210+\/T
Vega

The Vega measures the change in the option’s price as volatility changes such that
oV
Vega = B = Se~"T/TN'(z) (1.21)
o

“At-the-money” options are the most sensitive to volatility changes. Some market
participants calculates the numerical Vega defined as

Vega Numerical = V' (o,,) — V(o)

where 0,, = 0 + 1% — the current volatility adjusted upwards by 1%.

Volga and Vanna

The Volga measures the speed of the change of the Vega

0*V i xy
Volga = Doz = Se™ " \/FN/(LL’);. (1.22)

The Volga is also called the Vomma or Volgamma — due to the definition of the I'.
The Vanna measures how the Vega changes if the spot price changes

0%V _ dVega
000S 08

Vanna = = —¢"""N'(z)=. (1.23)

SEES
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Rho

The p measures the change of an option’s price to changes in interest rates such that

ov

b = OV~ oK N () (1.24)
Td

pr = oV = —¢STe /T N(px). (1.25)
an

An increase in interest rates will decrease the value of an option by increasing carrying
costs. This effect is, however, outweighed by considerations of volatility, time to
expiration and the price of the underlying asset.

Dual Delta and Gamma

These quantities measure the changes in option prices as the strike changes

Dual A = A = = _SK = —¢e " N (phiy) (1.26)
0% N'(y)
— — — oo TaT ___\J/

Dual ' =Tg Ee e \/F (1.27)

1.9.2 The Gamma and Theta Relationship
From the Black & Scholes differential equation we have [Hu 06]

1
50'252F+(7’d—7’f)SA+@: (Td—T’f)V

For a delta-neutral position we have have

1
§U2S2F +0 = (rqg—rp)V.



CHAPTER 1. INTRODUCTION 26

1.10 Useful Relationships

1.10.1 Identities

The following identities are very useful when we do differentiation in calculating the
theoretical Greeks for Black & Scholes -type formulas [Wy 06]

9z _ y
do o
dy _ =
o o
9z %y _ VT (1.28)
Orq 0Org o
Or Oy _ VT
ory a ory B o
Se ""N'(z) = Ke " N'(y)
Some identities also hold for the cumulative normal distribution function
ON(sz) _ oN'(ga)
oS So\/T
ON(¢y) oN'(dy)
= 1.2
oS So\/T (1.29)
ON'(z) )
—— 7 = —zN'(x).
e N'(z)

1.10.2 Symmetries

In Eq. 1.10 we wrote down the Put-Call-Parity relationship. There is also a Put-Call
value symmetry for puts and calls with different strikes such that (where we use the
same notation as set out in Eq. 1.6)

K Gelra—rp)m)?
O(S7K7770-7Td7rf) = WP <87%77—70)Td)71f
K F?
= C(S,K,1,0,1q,7¢) = FP (5’, ?,7', o, rd,rf> ) (1.30)

The symmetry for puts and calls on a forward or futures contract is quite simple
C(F,K,T,O,Td,Tf):P(F,K,T,O‘,Td,rf). (131)
Another useful symmetry between puts and calls is given by [Ha 07]

C(S,K,1,0,rq,r5) = P(=S,—K,T,—0,74,77). (1.32)
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Let’s say we wish to measure the value of the underlying in a different unit.
That will effect the option value. The new option price can be calculated if we use

the following state space transformation (also known as space homogeneity) [Ha 07,
Wy 06]

ax V(S,K,1,0,rq,7f,0) =V(axS,ax K,7,0,rq,7f,phi) ¥V a>0 (1.33)

where a is some constant.
From Eqs. 1.32 and 1.33 we deduce the follwing

C(S,K,1,0,rq,75) = —P(S,K,T,—0,74,7f)
P(S,K,1,0,rq,7f) = —C(S,K,7,—0,714,7¢). (1.34)
This is also know as “put-call-supersymmetry”.

The symmetries mentioned here simplify coding and implementation of option
pricing calculators.

1.10.3 Put-Call-Delta Parity

If we differentiate the put-call-parity relationship in Eq. 1.10 with respect to S we
get
Ac=Ap+e "7, (1.35)

For an option on a future we get from Eq. 1.12
Ac=Ap+e ", (1.36)

Now, look at the space homogeneity relationship in Eq. 1.33, and we differentiate
both sides with respect to a and we then set a = 1, we get [Wy 06]

V =SA+ KAk (1.37)

where A is the ordinary Delta and Ak is the dual delta defined in Eq. 1.27. This
again can help in simplifying coding and option calculators. They also help in double
checking or verifying the Greek numbers. These homogeneity methods can easily be
extended to other more complex options.

1.10.4 Symmetries for Currency Options

By combining the Rho Greeks given in Eqgs. 1.25 and 1.25 we obtain the rates sym-
metry

o v
8rd aT’f
=pa+pr = —TV. (1.38)
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We also have foreign-domestic-symmetry given by

1 1 1
EV(S, K,r,0,rq,rf,¢) = KV <§, E,ﬂ 0,74, Ty, —ng) (1.39)
or
lC’(SK re,Tf) = KP 11 Td,T (1.40)
S y NS T,0,7Tq,Tf) = S,K,T,O', dTf - .

This equality is one of the faces of put-call-symmetry. The reason is that the value
of an option can be computed both in a domestic as well as foreign scenario.

1.11 The Volatility Skew

The Black and Scholes model assumes that volatility is constant. This is at odds with
what happens in the market where traders know that the formula misprices deep in-
the-money and deep out-the-money options. The mispricing is rectified when options
(on the same underlying with the same expiry date) with different strike prices trade
at different volatilities — traders say volatilities are skewed when options of a given
asset trade at increasing or decreasing levels of implied volatility as you move through
the strikes. The empirical relation between implied volatilities and exercise prices is
known as the “volatility skew”.

The volatility skew can be represented graphically in 2 dimensions (strike versus
volatility). The volatility skew illustrates that implied volatility is higher as put
options go deeper in the money. This leads to the formation of a curve sloping
downward to the right. Sometimes, out-the-money call options also trade at higher
volatilities than their at-the-money counterparts. The empirical relation then has the
shape of a smile, hence the term “volatility smile”. This happens most often in the
currency markets.

1.11.1 Universality of the Skew

The skew is a universal phenomenon. It is is seen in most markets around the globe.
One of the best and comprehensive studies to confirm this was done by Tompkins in
2001 [To 01]. He looked at 16 different options markets on financial futures comprising
four asset classes: equities, foreign exchange, bonds and forward rate agreements
(FRA’s). He compared the relative smile patterns or shapes across markets for options
with the same time to expiration. His data set comprised more than 10 years of option
prices spanning 1986 to 1996.

Tompkins concluded that regularities in implied volatility surfaces exist and are
similar for the same asset classes even for different exchanges. A further result is that
the shapes of the implied volatility surfaces are fairly stable over time. We show his
results in Fig. 1.3 for currencies. South Africa’s stock indices and currencies exhibit
similar shapes as those determined in this study. Note the ‘smiles’ in all markets.
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Figure 1.3: Volatility surfaces for currencies.
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1.11.2 Why do we observe a Skew?

In 1972 Black and Scholes mentioned in a paper “the historical estimates of the
variance include an attenuation bias - the spread of the estimated variance is larger
than the true variance” [BS 72]. This would imply that for securities with a relatively
high variance (read volatility), the market prices would imply an underestimate in
the variance, while using historical price series would overestimate the variance and
the resulting model option price would be too high; the converse is true for relative
low variance securities. Black and Scholes further showed that the model performed
very well, empirically, if they use the right variance. In 1979, Macbeth and Mervile
extended this empirical research of Black and Scholes and also showed that the skew
existed [MM 79]. In this paper, Macbeth and Merville reported that the Black &
Scholes model undervalues in-the-money and overvalues out-the-money options. At
that point in time the skew wasn’t pronounced but the market crash of October 1987
changed all of that.

If one looks at option prices before and after October 1987, one will see a distinct
break. Option prices began to reflect an “option risk premium” — a crash premium
that comes from the experiences traders had in October 1987. After the crash the
demand for protection rose and that lifted the prices for puts; especially out-the-
money puts. To afford protection, investors would sell out-the-money calls. There is
thus an over supply of right hand sided calls and demand for left hand sided puts —
alas the skew. A skew represents the market’s bias toward calls or puts.

The skew tells us there exists multiple implied volatilities for a single underlying
asset. This should be somewhat disconcerting. How can the market be telling us
that there is more than one volatility for the asset? The real phenomenon underlying
volatility skews is that either [Ma 95]

e market imperfections systematically prevent prices from taking their true Black
& Scholes values or

e the underlying asset price process differs from the lognormal diffusion process
assumed by the Black & Scholes model®.

These two points show us there is something wrong with the Black-Scholes model,
which is that it fails to consider all of the factors that enter into the pricing of an
option. It accounts for the stock price, the exercise price, the time to expiration, the
dividends, and the risk-free rate. The implied volatility is more or less a catch-all
term, capturing whatever variables are missing, as well as the possibility that the
model is improperly specified or blatantly wrong. The volatility skew is thus the
market’s way of getting around Black and Scholes’s simplifying assumptions about
how the market behaves.

6Stochastic volatility models closer to the truth.
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1.11.3 Shapes of the skew

There are three distinct shapes

e Supply Skew: The supply skew is defined by higher implied volatility for
lower strikes and lower volatility for higher strikes. Supply refers to the natural
hedging activity for the major players in the market who have a supply of
something they need to hedge. Stock Index and interest rate markets have
supply skews. The natural hedge for stock owners is to buy puts in order to
protect the value of their “supply” of stock and sell calls to offset the puts’ prices
— collars. This natural action in the marketplace determines the structure of
the skew. This type of skew is also known as a ‘smirk’.

e Demand Skew: Demand skews have higher implied volatility at higher strikes
and lower implied volatility at lower strikes. The natural hedger in demand
markets is the end user. The “collar” for a demand hedger is to buy calls and
sell puts. The grain markets and energy markets are good examples of demand
skews. This type of skew is also known as a ‘hockey stick’.

e Smile Skew: The third type of skew is called a smile skew. The smile skew
is illustrated by higher implied volatility as you move away from the at-the-
money strike. The at-the-money strike would have the lowest implied volatility
while the strikes moving up and down would have progressively higher implied
volatility. The smile skew is generally only observed in the currency markets.
The natural hedger has to hedge currency moves in either direction depending
of whether they have accounts payable or receivable in the foreign currency.

We show these shapes in Figs. 1.4. Note that the EURUSD smile is symmetric around
the ATM. Both currencies are perceived to be stable with similar risks. However, due
to the currency being a pair, the risk is that either currency of the exchange rate can
collapse. This means that the smile can be skewed to one side due to the country
risk or stability of a particular exchange rate, e.g. the markets perceive the Kenyan
country risk as being higher than the USD or Euro country risk. Look at the shape of
the smile of the Brazilian Real and Euro in Fig. 1.5 [DW 08]. It is not symmetrical
around the ATM. This was also shown in Fig. 1.4. This shows that while indices
across the globe mostly have similar shaped skews, the skews for different currency
pairs can be vastly different.

1.11.4 Delta Hedging and the Skew

Another view on the skew is the fact that if the markets go down they tend to become
more volatile. Equity markets crash downward but hardly ever ‘crash’ or gap upward.
However, the currency market with its smile do ‘crash’ upward and downward. This
alone does not explain the skew as realised volatility is the same regardless of any





